Abstract. Numerical studies of beam filamentation in laser-produced plasma are presented. This involves the numerical solution of the parabolic wave equation. known as the Schrodinger equation, coupled with the thermal transport equations for both ions and electrons, in two dimensions. The solutionof the resultingequationwith non-linear refractive index due to thermal and pondermotive forces. shows self-focusing and a variety of strong aberration effects. Intensity amplification at the final focus is found to be between one and two orders of magnitude greater than the initial beam intensity, governed in general by diffraction and aberration effects within the beam.
Introduction
When a high-power laser beam strikes a micro-pellet it produces plasma which ablates away from the solid creating a density gradient in which most of the remaining laser light is absorbed. The plasma has a critical density N , around the pellet and the density reduces to a fraction (around 10%) of that density within a distance of a few hundred pm.
The laser beam will penetrate the plasma up to the critical density, where the plasma frequency equals the laser frequency, and a fraction of the beam which is not absorbed will be deposited through resonant absorption. Self-focusing is the outcome of inhomogeneities in the intensity of the incident beam being amplified as the laser propagates through the density gradient. Plasma is pushed away from the region in which the beam intensity is locally higher through the combined agency of the pondermotive force and thermal forces.
As a consequence of the lower plasma density in the central region the index of refraction is increased and this local change causes the plane wavefront to become curved. The effect of this curvature is to focus the beam, thus enhancing the original fluctuation in intensity. This positive feedback results in amplification which can lead to instability. At high irradiance, filamentation or self-focusing may pose a threat to uniform illumination of the target.
The phenomenon of self-focusing of laser beams in plasmas has been known for some years and there exist several calculations of thresholds and small growth rates (Brysk et a1 1957 , Hora 1969 although these deal 0022-3727/86/050737 + 13 $02.50 @ 1986 The Institute of Physicsmainly with uniform plasmas. Sodha et a1 (1976) have studied this process analytically, assuming a Gaussian cross section of the beam throughout the self-focusing process. Clearly this is most unlikely in practice.
This paper examines the numerical simulation of the self-focusing of the laser beam in an unsteady non-uniform plasma.
An implicit assumption is made in this work that the plasma remains in local equilibrium between the pondermotive and thermokinetic forces. This leads to an exponential-type non-linearity in the Schrodinger equation.
Theoretical Models

The wace equation
The time-independent wave equation for an electromagnetic wave propagating through a medium with dielectric constant E is
where o is the plasma frequency and c is the speed of light. The middle term of equation (1) is negligible if
where K = ( w / c ) E~ ' represents the wave-vector, and is the dielectric constant of the unperturbed plasma. The inequality ( 2 ) is satisfied in almost all cases of quasi-neutral plasma of practical interest. Thus (1) reduces to
When the imaginary part and the field-dependent part of the dielectric constant are small compared with the dielectric constant, a solution of equation (3) The equation governing A can be obtained by substituting equation (4) into (3) and omitting the d'A/dz'term (WKB approximation), which implies that the characteristic distance (in the z-direction) of the intensityvariation is much greater than the wavelength of the laser light. Hence we obtain,
where ko = (o/c).
Pondermotive force
In a collisionless plasma the drift velocity of electrons is governed by the following equation (Ginzburg 1970 )
where the right-hand side denotes the force on an electron (of charge -e and mass m,) on account of the electric and magnetic fields and the gradient of partial pressure of electrons. In the above equation c, k , Ne and Te denotes the velocity of light in vacuum, the Boltzmann constant, electron number density and electron temperature respectively. Equation (6) may also be expressed as
where F is given by the following equation and is usually termed as the pondermotive force,
The dielectric constant of the plasma in the presence of a high-intensity laser beam is given by
where is the non-linear part of the dielectric constant and is given by?
and cujA/2 is the ratio of the field pressure to the plasma thermal pressure, i.e., where l i s the intensity of the laser beam and T, and Ti are the electron temperature and the ion temperature, respectively. In equation (10) p is a factor given by particle number conservation, namely.
or where Ne is the total electron number density over all volume and N,* exp(-culA12) is the modified local electron number density.
Thermal transport equations
From equation (11) it is evident that the ratio of the field pressure to the plasma thermal pressure is dependent on the temperature of the electrons and ions. In order to represent adequately the thermal terms that contribute to self-focusing a reasonable model of thermal transport is required to provide accurate temperature distributions in the plasma as a result of non-uniform energy deposition. For this, we adopt the following model: For the electrons, For the ions,
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where the specific heats of the electrons and ions are given respectively by
In (16) y is the ratio of specific heats. The term qei denotes the energy loss rate of an ambient ion in a two-component plasma. It is usually referred to as electron-ion equilibration, and is given by q e l = (Te -TJ/teq (17) where re,, the time of equipartition in units of ,us, is given by
Electron thermal conductivity
The Lorentz gas model assumes that the electrons do not interact with each other but only with the ions which are regarded as stationary force centres. In the classical regime, it is supplemented by two correction factors, 5 for induced electric fields and 6, for electron-electron scattering, to yield the electron conductivity (Spitzer 1962) . 
with the abbreviation a 2 -5 / 2~* n (1 AeJ/(1n (21) Equation (20) agrees with the work of Spitzer and Harm (1953) but is more convenient than interpolation on the latter.
Ionic thermal conductivity
The theory of ion conductivity is simpler than that of electron conductivity. The results of Hochestim and Masse1 (1969) can be recast in a form similar to equation (19) as where ai = 0.164 is a single correction factor. Degeneracy is not attained for the ions in laser-driven fusion. At the same temperature, the ion conductivity is smaller than the electron conductivity by a factor of the order of (me/mi)1'2, where m, and m , are Filamentation in laser-produced plasma 74 1 the masses of an electron and an ion respectively. It is thus often assumed that the process can be neglected, with the ion temperature adjusting via electron-ion equilibrium. Thus the argument breaks down when implosion heats the ions viscously and hot electrons cannot efficiently exchange energy with them.
The term In A, in the above equations, denotes the collision logarithm, which can be expressed in the form
b,,, and bmin are the upper and the lower cut-offs on the impact parameter for coulomb scattering events.
The maximum b is normally set by screening. In the non-degenerate limit this is the Debye shielding. For an electron distribution the Debye length, D , is given by
while for an electron-ion plasma it is Dei,
Absorption coefficient
The simplest form of absorption is that of inverse Bremsstrahlung in which an electron in binary collision with an ion absorbs a photon. The absorption coefficient Kib in units of m-1 may be written as where A is in pm. This expresses the fact that the binary collision probability scales as
Z * p 2 T i 3 I 2 .
It follows from equation (26) that collisional absorption increases with the increase in density and the average ionisation rate Z* decreases at long wavelengths and high temperatures T,. Typically, around 50% of the laser radiation reaches the critical density region at green wavelengths (0.5 pm) and some 70% at a wavelength of 1 pm.
Numerical schemes
Equations ( 5 ) , (14) and ( 1 5 ) can be expressed in the following way
The equations (27)-(29) are solved simultaneously, subject to the following initial boundary conditions:
where ro is the gaussian radius of the beam. Applying the variable-weighted implicit differencing scheme to equation (27) Euler explicit scheme
Crank-Nicholson scheme
Fully implicity scheme.
All schemes are consistantly accurate to the first order, except 8 = t , in which case the two families are accurate to second order in the 2 step. Applying a two-step alternating-direction implicit method (ADI) to equations (28) and (29), we obtain, for the first step, The set of equations (31) are each accurate only to first order in A f but when the two equations are combined, an equation accurate to second order results, indicating that the overall procedure is accurate to second order.
Results
The problems that we have chosen to illustrate our computational approach are in two parts. The first, on uniform plasmas, serves as a comparison with work already published in the literature. The second, for non-uniform plasmas, is chosen to simulate conditions found in current laser-produced plasmas. Calculations in both cases are carried out at electron temperatures T, = 0.5,l.O and 1.5 keV and at two laser wavelength of 1.06 and 0.54 pm, The calculations are carried out with radial symmetry ( r , z ) the initial filament being gaussian in profile given by I0(r, 0) exp(-r2/$ with ro set at 6.13 ,pm. Although we have not displayed plots of density profiles here, they follow the same general form as those shown previously by Siegrist (1977) with additional features resulting from the second and successive foci that occur in many of our simulations. Where possible, we have compared our results with published data. For uniform plasmas we make comparison with the work of Hora (1969), Shearer and Eddleman (1973) and Jones et a1 (1982) . We start the next two sections on uniform and non-uniform plasmas with two illustrative problems to give a general idea of the type of results available from these numerical simulations. There then follows a detailed discussion of plasma effects and scaling laws derived from such simulations.
Uniform plasma
In figure 1, a gaussian beam ( A = 1.06 pm) with a half-width of 6.13 pm and an initial peak intensity of 1.1 X 1013 W cm-2 propagates through a uniform plasma of density 0.2Nc and length 150 pm. As the beam propagates through the plasma it suffers selffocusing. At a temperature T, = 0.5 keV, the beam reaches a minimum width of 2.3 pm at the distance z = 154 pm, with peak intensity on axis of 3.4 X l O I 4 W cm-2. Beyond the first focus the beam starts to defocus and spread.
The interaction of the laser beam and the plasma is non-linear, via the agency of the pondermotive and thermal forces arisingfromspatial non-uniformityof the beam. These are compensated by the thermokinetic force of the gasdynamic pressure. At lower temperature the pondermotive force tends to dominate. Thus the self-focusing length is shorter at a lower temperature for the same beam profile and intensity. Thus at an electron temperature of 1.5 keV the above beam focuses at a distance z = 67 pm.
Taking a slightly higher peak intensity for the initial perturbations of 2.1 X 1014 W cm-2 in the plasma, with the uniform density of 0.2Nc: when the electron temperature reaches 0.5 keV, we observe a shorter self-focusing length of z = 31.5 pm and the peak intensity of 2.9 X 1015 W cm-*. The second focusing occurs at z = 105 pm, where the peak intensity is 4.5 X 1014 W cm-2, (see figure 2) .
In both the above cases, however, when the filament begins to defocus, the distribution splits into two parts and starts to form two filaments. The split is caused by Figure 2 . As for figure 1 but lo = 2.1 X IOl4 W cm-2. In this case, the peak intensity at first focus is 2.9 X lOI5 W cm-2. diffraction and aberration effects produced during the first focusing and which, in general, channels the energy in a radial direction. These effects are produced by the nonlinear refractive index which saturates at high intensity, as was suggested by Akhmanov er a1 (1966). As the initial intensity Io increases, the separation of the first and second focus decreases until they can eventually merge. The appearance of the third and successive foci can also be seen. The structure and composition of the focusing appears to be a function of the initial beam intensity lo, the plasma temperature T,, laser wavelength A and the initial spatial distribution of the plasma. A preliminary study of the numerical simulations reveals a general behaviour of the filamentation instability in broad agreement with published work. The self-focusing distance Zsf, decreases with increase in initial filament intensity and for a given initial intensity, the self-focusing distance increases with increase in plasma temperature. If both the parameters are kept constant and the laser wavelength changed, the self-focusing distance again scales roughly as A-' in keeping with the theory first developed by Akhmanov er al(l966). Figure 3 shows the detailed analysis of the results for a uniform plasma of density 0.36Nc chosen for comparison with the work of Shearer and Eddleman (1973) whose single curve for the variation of self-focusing distance with intensity is included (normalised to our simulation conditions). From these curves most of the scaling for intensity dependence, plasma temperature and laser wavelength can be derived.
Although in the strict analytic sense the filamentation instability has no definable threshold, asymptotes can be drawn to the curves for the variation of ZSr, such that, below this defined critical intensity IC, Z, , becomes infinite. Taking this value Z, as the threshold intensity we have compared our data with the analytical formula
first given by Akhmanov er a1 (1966) and discussed by Shearer and Eddleman (1973) . Detailedcomparison of our results with this relationship shows that basically the relationship holds in the linear regime, that is, at low intensities and low temperature. As the plasma temperature increases, the above relationship breaks down at progressively lower intensities when the filament spatial profile departs from exponential under the influence of the dominant pondermotive force (which scales as the intensity). It should also be pointed our that these conditions depart from the assumptions made in the initial derivation of the formula. We also find that at lower plasma temperature the threshold power scales linearly with temperature derived by Hora (1969) for wP G W . Approximating our Gaussian beam to a uniform beam of equivalent radius and expressing the filament in terms of power we obtain for the threshold power P = 4.8 x 10'' T.
However at no time do we observe the transition to a T -j l 4 (Tin eV) scaling that Hora (1969) proposes for T, 3 10 eV, based on the approximation that the plasma refractive index varies as T-ji4. Within the range of plasma temperatures 0.005 S T, G 1.5 keV the threshold power scaling remains as T" where 0.1 < m < 1.5.
Non-uniform plasma
We shall now discuss filamentation in a non-uniform plasma, with a linear density ramp of 0. lNc at z = 0 to 0.9Nc at z = 150 pm.
It has been suggested (Sartang et a1 1983) , that in the case of non-uniform plasma density, the beam does not form successive foci. We find that this is not necessarily true, but depends on plasma conditions and laser wavelength. For example in figure 4 a gaussian beam with a width of 6.13 pm and a peak intensity of 1.28 X 1014 W cm" propagates through a non-uniform plasma with T, = 1.5 keV. The beam focuses at distance z = 58.2 pm, where the peak intensity on the axis reaches 3.4 X 1015 W cm-?.
Successive foci are also weaker and occur almost outside the computational region. If the plasma temperature decreases the thermokinetic pressure decreases and the pondermotive force readily displace the electrons and ions. Under such conditions ZSf decreases. For example with T, = 0.5 keV, figure 5 , Z,, = 31.5 pm and the focus has a lower peak intensity (2.1 X lOI5 W cm-*) than that shown in figure 4. However the beam continues to form a succession of foci in this case the fourth appearing quite near to N,.
In figure 6 the general dependence of the self-focusing distance Z,, on the initial peak intensity lo of the filament is shown for various electron temperatures T, and for the two laser wavelengths 1.06 pm and 0.546 pm. Also shown are the critical intensities l, for the process at each plasma temperature. For non-uniform plasma the scaling laws for the threshold intensities again depend on local conditions. In the linear region at lower temperature T =S 500 eV then I, -7.5 X 1013 T0.63 whilst over the entire temperature range investigated the scaling behaves as T" where 0.05 < m < 2.5. This is very much in keeping with the general experimental results (Bakos et a1 1981) where the scaling law was very much dependent on whether thermal or pondermotive self-focusing forces were dominant. When the pondermotive force dominates, the threshold power variesin approximately linear fashion with temperature. On the other hand when the thermokinetic forces dominate the scaling law behaves as T1,9. Figure 6 also shows that the threshold for the instability increases with increase in plasma temperature and also increases for shorter wavelengths.
Another important factor with these instabilities is their growth rates. Assuming a spatial growth rate in the form I = I o enz our simulations can readily be used to estimate growth rates from figure 7 . It can be seen that at low intensities and at the start of the filamentation, the process is linear with rates of 10-20% pm-'. However the growth rates quickly become non-linear with final values (in the non-linear regime near the focus) 73% pm-'. Most of the theory that we have discussed and made comparison with is applicable in the linear, early stages of the growth of the instability. €t would appear that there is a need for additional theoretical study of the instability into its highly non-linear regime.
Conclusion
Numerical solutions of the non-linear Schrodinger equation, coupled with the thermal transport equations of the electrons and ions, with a non-linear refractive index due to the pondermotive force, show self-focusing and a variety of strong aberration effects. The peak intensity at the first focus is one to two orders of magnitude greater than the initial intensity. Threshold intensities and growth rates for the instability are given and in general these are found to be functions of the local plasma conditions. These processes become extremely non-linear as the filament develops and predictions depart from existing theories. The development of the instability can be followed into this highly non-linear regime by numerical simulation. The achievement of inertial confinement fusion as an energy generating process will require uniform implosions. One of the possible instabilities which is thought to make this difficult to achieve is self-focusing of the laser beam as it interacts with the target. In the long term, unless these instabilities are fully understood and overcome, the feasibility of inertial confinement fusion seems questionable.
